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Abstract-we consider a simplified Newton’s cradle, which would be unobservable if the non- 
smooth impacts between the spheres were ignored. Nevertheless, under the assumption that there is 
an infinite sequence of nonsmooth impacts, it is possible to design an obeexver that is able to esymp 
totically estimate all the nonmeasurable state variables, including those that would be unobservable 
in absence of impacts. @ 2003 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION AND PRELIMINARIES 
Although the problem of modeling mechanical systems subject to nonsmooth impacts is far from 
being solved in its generality, especially when multiple impacts or the effects of friction have to 
be taken into account [l], several authors have studied mechanical systems subject to (smooth 
and nonsmooth) impacts from the control point of view [2-81. Recently, the control of finite- 
dimensional mechanical systems with unilateral constraints has been studied with the aim of 
developing a general theory in [9,10]. A first attempt for the design of observers for mechanical 
systems subject to nonsmooth impacts can be found in [ll], where a velocity observer is proposed. 
In this paper, we face an observation problem that would be unsolvable if’the nonsmooth 
impacts were not properly taken into account. A simplified Newton’s cradle constituted by a 
pair of infinitely rigid spheres is considered; under the assumption that the position of only one 
of the two spheres is available, this mechanism would be unobservable if the nonsmooth impacts 
between the two spheres were ignored. Nevertheless, under the assumption that there is an infinite 
sequence of nonsmooth impacts, it is possible to design an observer that is able to asymptotically 
estimate all the nonmeasurable state variables, including those that would be unobservable in 
absence of nonsmooth impacts. 
Consider the Newton’s cradle depicted in Figure 1, which is constituted by two pendulums (of 
the same length equal to 1, without loss of generality) oscillating in a plane, under the action of the 
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Figure 1. The Newton’s cradle. 
gravity force. Only two pendulums are considered in order to avoid the mathematical problems 
for the computation of the velocities immediately after a multiple nonsmooth impact. At the free 
end point of the i th, i = 1,2, pendulum, there is an infinitely rigid sphere of (unitary, without loss 
of generality) mass: the two pendulums can impact only on the spheres. Let to E R be the initial 
time and let ql(t) and qz(t) be the angular positions of the two pendulums, respectively, which 
are assumed to represent uniquely the configuration at time t E W, t 2 to, of the Newton’s cradle 
(in the whole): in the remainder of the paper, such generalized coordinates will be assumed to be 
continuous functions of time t E JR, t 2 to, which, in addition, are piecewise twice differentiable. 
The times ti E W, ti 2 to, at which the vector function q(t) := [91(t) m(t)lT is not differentiable 
(i.e., those times ti such that limt+t, d(t) # lim,,,, q + ‘(t), which correspond to corner points) will 
be referred to as the times at which the nonsmodth impacts occur (briefly, the impact times). 
To simplify the notation, the symbols o(t;) and cr(tf) will be used to denote, respectively, the 
values taken by the limits lim,,,, a(t) and limt_*t, + a(t), when they are definite, for any cr(t). 
Assume that the second pendulum is constrained’to be on the left of the first pendulum: hence, 
the following inequality constraints the positions of the two dimensionless spheres: 
a(t) - q2@) 50. (1) 
A time ti E W, ti 1 to, is an impact time if ql(ti) - qz(ti) = 0 and ql(tL) - qz(ti) > 0, (i.e., the 
inequality constraint would be violated in absence of impulsive forces, as those generated as a 
reaction to the nonsmooth impact). However, in the following, when only position measurements 
will be available, it will be difficult to distinguish (in practice) an impact time from a degenerate 
impact time, i.e., a time ti E W, ti 2 to, such that ql(ti) - qQ(ti) = 0, ql(tT) - qz(tT) = 0 and 
there exists d E W, i > 0, such that q1 (ti - E) - qz(ti -E) < 0 for all E E (0, 2). Hence, for the sake 
of clarity, from now on we will denote both the impact times and the degenerate impact times 
with the same symbol: with the notation ti, i E W, we will denote the impact times (degenerate 
or not), ordered so that ti+l > ti, for all i E N. 
REMARK 1. In order to reduce the complexity of the observation problem, in this paper it will 
be implicitly assumed that there are no intervals during which the two spheres are in a situation 
of permanent contact. 
Define the following set of admissible initial conditions: 
A := { [qT ~‘1’ E W4 : (ql - 42 I 0) and (VI- 212 5 o if q1 - q2 = 0)) ; 
for each initial condition belonging to A, the inequality constraint is not violated at the initial 
time and cannot be violated at times immediately after the initial one. 
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The Euler-Lagrange equations (to be satisfied for t E (ti, &+I), i E Z+) are 
41(t) + A(t) = -9 sin(cll(t>), 
42(t) - i(t) = -9 sin(q2@)), 
(24 
Pb) 
where i(t) is the reaction torque due to possible contacts and impacts between the spheres. In 
particular, at each impact time ti, i(t) is a Dirac impulse with the following area: 
a(Q := 01 (t;) - 42 (t;) . 
The post-impact velocities can be expressed as functions of the preimpact velocities 
41 (Q) = 42 (q) , 
42 (Q) = 41 (q) . 
(34 
WI 
Let us use the following notations wh(t) = Qh(t), zh(t) = [ ~~[~~], h = 1,2, and rewrite the 
system in the following form: 
h(t) = &zl(Q + BI (-A@) - g Wql@))) , (44 
h(t) = A2zdQ + B2 (%,) - g sin(&))) , (4b) 
where Ah = [i ,!,I, Bh = [y 1, h = 1,2. The description of the system is completed by as- 
suming that the angular position qz(t) of the second sphere is the only available measure: 
y(t)=C1zl(t)+C2z2(t),whereC1=[oo],Cp=[lo]. 
The objective of this paper is the estimation of the whole state vector [ z:(t) z:(t) IT, although 
the dynamics of zl(t) would be certainly unobservable from the available output y(t) in absence 
of nonsmooth impacts between the two spheres. 
Nevertheless, if the velocity Q(t) of the second sphere was measurable (but this is not the case 
considered in this paper), then the velocity 41(t) of the first sphere could be exactly computed 
at each impact time t = ti by using equation (3a), whereas the position qz(t) of the first sphere 
could be exactly computed at each impact time t = ti through ql(t) = qz(t). Hence, the aim of 
this paper is to repeat similar computations, by using the position measurement of the second 
sphere only. 
2. THE PROPOSED OBSERVER 
The observer that we propose is the following (where y(t) = qz(t)): 
h#) = c(t), t E (ti, &+I), i E z+, (54 
S,(t) = -g sin(&(t)) , t E pi, &+I), i E z+, (5b) 
i(t) = --I(t) - a2 y(t) - 9 Wdt)), t E (ti, ti+1), i E z+, (5c) 
62@> = I@) + QY@>, t E (ti, &+I), i E z+, (54 
61 (t’) = Y(h), i E N, (54 
61 (Q) = E (q) + a Y(h), i E N, (5f) 
s (t’) = 61 (q-> - QY(h), i E N. (W 
DefinetheestimationerrorsQl(t) := ql(t)+(t), Cl(t) := q(t)-G,(t), and&(t) := w2(t)-62(t). 
For each t E (tg, t;+l), i E Z+ , the error dynamics are described by 
421w = G@), (64 
h(t) = -9 cos(&l(t)) @1((t), (6b) 
i,(t) = -aY2(t), (‘34 
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Figure 2. Time histories of the generalized coordinates ql(t), qZ(t), of the general- 
ized velocities ul(t),uz(t), of the estimated coordinate cjl(t), and of the estimated 
velocities 81 (t), 62(t). 
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Figure 3. Time histories of the estimation errors 41(t), &(t),ih(t). 
where ql(t> = ql (t) + e(t) dl (t), with e(t) E [0, 11. At each impact time ti, i E N, we have 
* q1 (t’) = 0, (74 
Cl (t’) = 52 (t;) ) Vb) 
c2 (t7) = a1 (t;) . (74 
THEOREM 1. If the impact times ti satisfy the condition ti+l - ti < K, for some positive K, and 
have only one accumulation point at +CQ, and (;Y is sufficiently high, then Ql = 0, 61 = 0, 62 = 0 
is a locally asymptotically stable equilibrium point for the error dynamics (6),(7). 
PROOF. By (6c), it is easy to see that 52(t) is an exponentially decreasing function of time 
along (ti, &+I), thus implying the ratios G2(ti,l)/Gz(t’) can be rendered arbitrarily small by 
increasing the value of CL By the boundedness of ti+l - ti and by the continuity of the solution 
of equations (6a),(6b), h h w ic are independent of Q, with respect to the initial condition, we have 
that (tjl(ti+l),Cl(ti+l)) belongs to a neighborhood of the origin provided that (@I(&), fil(ti)) 
belongs to a suitable neighborhood of the origin. By these two observations, with the fact 
that &(tr) = 0, iJl(tf) = Gz(t;) and Q(tr) = Gl(t;), a sufficiently high value of o implies the 
convergence to 0 of all the error variables, through the iteration on the number of nonsmooth 
impacts. I 
REMARK 2. If the coefficient of restitution is different from 1, then jumps (2) become 
&(t;) = -5 +s ( le ‘)Q~(t;)+(~e+~)42(t;), 
Q2 (t’) = 1 + 1 (2e ,)Ql(t;)+(-fe+$)I2(t,). WI 
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Then, the jumps (5e)-(5g) must be modified accordingly for e E (0,l). 
41 (t’) = ?/(h)l i E Pi, 
ol(t’)=(-; e+ - VI (t. ) + -e+ - (((it;) +ay(ti)), ;)- ; (; 1> i E N, 
t (tt) = (i e + t) 61 (ts) + (-5 e + i) ([ (tf) + (r y(ti)) - (YY(ti), i E N. 
(94 
(9b) 
PC) 
Theorem 1 can be still applied. 
A simulation test has been carried out in order to show the effectiveness of the proposed ob- 
server. In Figure 2, one can see the time histories of the generalized coordinates 91(t), qz(t) and 
of the generalized velocities vi(t), vz(t) of the two spheres, starting from the admissible initial 
condition ql(0) = O,qz(O) = 0.5, q(O) = O,vs(O) = 0. From these time histories, there is easily 
recognized the presence of an infinite sequence of equally spaced impact times ti, having +oo as 
the only accumulation point: this means that the origin of the error dynamics is a locally asymp- 
totically stable equilibrium point provided that Q! is chosen sufficiently high (actually, Q = 2 is 
enough). This is confirmed by the time histories of the estimated coordinate al(t) and of the es- 
timated velocities Cl(t), 82(t), reported in Figure 2, and of the estimation errors @l(t), Cl(t), G,(t), 
reported in Figure 3. 
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